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Abstract
We give a characterization for the weighted irregular Gabor tight frames or dual systems in L2(Rn)
in terms of the distributional symplectic Fourier transform of a positive Borel measure on R2n naturally
associated with the system and the short-time Fourier transform of the windows in the case where the
window (or at least one of the windows in the case of dual systems) belongs to S(Rn). This result implies
that, for certain classes of windows such as generalized Gaussians or “extreme-value” windows, the only
weighted irregular Gabor tight frames (or even dual systems with both windows in the same class) that
can be constructed with these windows are the trivial ones, corresponding to the measure μ = 1 on R2n.
Furthermore, we show that, if a such Gabor system admits a dual which is of Gabor type, then the Beurling
density of the associated measure exists and is equal to one.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
Let g ∈ L2(Rn) be a window function with ‖g‖2 = 1. The corresponding short-time Fourier
transform is the mapping Vg :L2(Rn) → L2(R2n) defined, for f ∈ L2(Rn), by
Vgf (x, ν) =
∫
Rn
f (t)e−2πiν·t g(t − x)dt, (x, ν) ∈ R2n.
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R2n means, in particular, that both x and ν belong to Rn.) The following result is central in the
theory of the short-time Fourier transform (see [9, Corollary 3.2.2]).
Theorem 1.1. Given g ∈ L2(Rn) with ‖g‖2 = 1, we have∫
R2n
∣∣Vgf (x, ν)∣∣2 dx dν =
∫
Rn
∣∣f (t)∣∣2 dt, f ∈ L2(Rn). (1.1)
The short-time Fourier transform is thus, for a fixed g as above, an isometric linear transforma-
tion from L2(Rn) onto a closed proper subspace of L2(R2n) consisting of continuous functions.
The identity (1.1) immediately yields an integral representation formula for functions in L2(Rn)
in terms of the continuous Gabor system {e2πiν·t g(t − x)}(x,ν)∈R2n :
f (t) =
∫
R2n
Vgf (x, ν)e2πiν·t g(t − x)dx dν, f ∈ L2
(
Rn
)
. (1.2)
This formula represents f as a continuous superposition of elementary signals given by modu-
lations and translations of the window function g. One major goal of Gabor analysis is to obtain
discrete representation for functions in L2(Rn) analogous to the one given in (1.2). In fact, most
of the work done in Gabor analysis concerns systems of the form {e2πibl·t g(t − ak)}(k,l)∈Zn×Zn ,
where a, b > 0 are two parameters. More recently, several authors have begun to investigate ir-
regular Gabor systems {e2πiν·t g(t − x)}(x,ν)∈Λ where Λ is a discrete set in the time–frequency
space [1–5,7,18,19,21,27–29] as well as weighted irregular Gabor systems, i.e. systems of the
form {w(x, ν)1/2e2πiν·t g(t − x)}(x,ν)∈Λ where Λ is a discrete set in the time–frequency space
and w is a positive function defined on Λ [16]. (The term “irregular” in this context might be
somewhat misleading as it also includes the “regular” case.) If such a system forms a Parseval
tight frame for L2(Rn), we have, by definition,
∑
(x,ν)∈Λ
w(x, ν)
∣∣Vgf (x, ν)∣∣2 =
∫
Rn
∣∣f (t)∣∣2 dt, f ∈ L2(Rn). (1.3)
Introducing the positive measure μ on R2n defined by
μ =
∑
(x,ν)∈Λ
w(x, ν)δ(x,ν),
where δ(x,ν) denotes the Dirac mass at the point (x, ν), we can rewrite Eq. (1.3) as
∫
R2n
∣∣Vgf (x, ν)∣∣2 dμ(x, ν) =
∫
Rn
∣∣f (t)∣∣2 dt, f ∈ L2(Rn). (1.4)
The analogue of the reconstruction formula (1.2) now reads
f (t) =
∫
2n
Vgf (x, ν)e2πiν·t g(t − x)dμ(x, ν), f ∈ L2
(
Rn
)
. (1.5)R
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general question: given a window g ∈ L2(Rn), which positive Borel measure μ on R2n satisfy
the identity (1.4)? It is also clear that the problem of constructing discrete, weighted irregular
Gabor tight frames with a given window g is equivalent to finding discrete measures μ which
satisfy the identity (1.4). Another question that we will address is the following. We know that,
if g has norm 1, the Lebesgue measure on R2n, which we identify with the constant function 1,
is always a solution of our problem (1.4). Are there windows g ∈ L2(R) for which this positive
measure is the only solution of our problem? In such cases, it is clear that no (discrete) weighted
irregular Gabor system constructed with the given windows will yield a tight frame for L2(Rn).
For technical reasons, we will restrict our analysis to windows belonging to the Schwartz class
(or, with at least one of the windows in the Schwartz class in the case of dual systems). Indeed,
these windows are well suited for Gabor analysis as they are very well localized in the time–
frequency space. More importantly, it is not even clear how to state our main results in general, if
this assumption is not made, as they would involve products of distributions which are not well
defined.
The paper is organized as follows. One of our main goals will be to obtain a characterization
of the positive measures μ on R2n which satisfy the identity (1.4) in the case where the window
function g belongs to the Schwartz space S(Rn). This characterization involves the symplectic
Fourier transform of the measure and, in order to make sense of it, we first need to show that
any positive measure μ satisfying the identity (1.4) for a given window g must be a tempered
measure. In fact, we show in Section 2 that if a window g ∈ L2(R) satisfies the Bessel condition
with respect to the measure μ, which means that there exists a constant C1  0, such that
∫
R2n
∣∣Vgf (x, ν)∣∣2 dμ(x, ν) C1
∫
Rn
∣∣f (t)∣∣2 dt, f ∈ L2(Rn), (1.6)
then the measure μ must be translation-bounded and thus tempered (Proposition 2.2). Con-
versely, we also show that the Bessel condition (1.6) always holds if μ is translation-bounded
and the window g belongs to the Schwartz class (Proposition 2.4).
In Section 3, we state our characterization of the identity (1.4) (Theorem 3.2) and use it to
show that the uniqueness of the measure μ appearing in (1.4) for a fixed window g is equiva-
lent to the non-vanishing of the short-time Fourier transform Vgg (Corollary 3.3). We show, in
particular that this last property is satisfied by the class of generalized Gaussians windows (The-
orem 3.10) and also by the so-called “extreme-value” windows (Proposition 3.11). This implies,
of course, that no discrete, weighted irregular Gabor system can yield a tight frame for L2(Rn)
for such windows. In the case of even windows, we prove, using a result of Hudson [14], that
the generalized Gaussians are the only ones with the property that Vgg does not vanish and thus
for which the uniqueness of the measure in (1.4) holds (Proposition 3.8). In the case of odd win-
dows, non-uniqueness always occurs (Proposition 3.9). We also show that, if the window is a
generalized Gaussian multiplied by a polynomial, then, although there might be more than one
measure μ satisfying (1.4), none of these can be discrete, thus preventing again the existence of
discrete irregular Gabor tight frame constructed with such windows (Theorem 3.13).
In Section 4, we consider the problem of characterizing the “duals of Gabor type” associated
with a window g in the Schwartz class and a positive Borel measure μ defined on the time–
frequency space (see Definition 4.1). Although it is known that, a standard dual can always be
associated with a given frame (even in the case of frames associated with measures; see [8] for
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exists, contrary to the situation for “regular Gabor systems.” We obtain a characterization for
the possible duals of Gabor type, h, associated with a pair (g,μ), where g is in the Schwartz
class in terms of the symplectic Fourier transform of the measure μ and of the short-time Fourier
transform Vgh (Theorem 4.6). The characterization for Gabor duality obtained is also valid for a
weaker definition of Gabor duality in which the dual h is allowed to be a tempered distribution
and the expansion associated with it takes place in S ′(Rn) instead of L2(Rn) (Theorem 4.4). In
both situations, the characterization obtained implies, in particular, that the Fourier transform of
the measure μ must be equal to a positive multiple of the Dirac mass at the origin on a neighbor-
hood of the origin (Proposition 4.8), a property which is always destroyed by applying a non-zero
local perturbation to the measure μ. Since the frame property itself is not so sensitive to local
perturbations, it follows that any such small non-zero perturbation of a Gabor system admitting
a dual of Gabor type will result in a Gabor frame admitting no such dual (even if the window is
replaced by another window in the Schwartz class). As in Section 3, we again obtain a charac-
terization for the uniqueness of a measure μ with the property that h is a dual of Gabor type for
the pair (g,μ): the short-time Fourier transform Vgh cannot vanish simultaneously at any points
(x, ν) and (−x,−ν) in the time–frequency space (Corollary 4.7). Using this characterization,
we extend the results of Section 3 to dual systems and show that if g and h are both generalized
Gaussian (associated with possibly different parameters) and (g,h)2 = 1, then the only measure
μ such that h is a dual of Gabor type for the pair (g,μ) is the trivial one, μ = 1 (Theorem 4.12).
A similar result holds for the extreme-value windows (Proposition 4.15). We also show that if g
and h are both generalized Gaussian multiplied by polynomials, the possible measures μ allow-
ing for Gabor duality between these windows have to be non-discrete, preventing thus discrete
expansions in terms of such dual Gabor windows to exist (Theorem 4.14). Theorem 4.6 is used
again, in the case where the window g is the one-dimensional Gaussian g(t) = 21/4e−πt2 , to
show that, if a dual of Gabor type exists for the pair (g,μ), then the symplectic Fourier trans-
form of μ must be supported on a discrete set and that the discrete sets obtained in this way can
be characterized as certain subsets of the zero sets of the entire functions F(z) in the Bargmann–
Fock space F2(C) satisfying F(0) = 1 (Proposition 4.9).
In Section 5, we point out that, when applied to unweighted regular Gabor systems, where the
sampling set Λ in the time–frequency space is a full-rank lattice, our main results translate into
some well-known results of Gabor analysis such as the Ron–Shen or the Wexler–Raz identity
(Theorems 5.1 and 5.2) and their generalizations (of course, with the restriction that at least one
of the windows involved belong to the Schwartz class).
In the last section of this paper, we define the Beurling density of a positive Borel measure
μ on R2n and show that the existence of a dual of Gabor type for a Gabor system (g,μ), with
g in the Schwartz class, implies that the Beurling density of μ exists and is equal to one (Theo-
rem 6.3). As an immediate consequence, it follows that, if a weighted, discrete irregular Gabor
system associated with such a window g form a Parseval frame for L2(Rn), then the associate
sampling set Λ in the time–frequency space must have a lower Beurling density at least equal
to one (Corollary 6.4). Finally, we conclude this paper by displaying examples of discrete sam-
pling sets Λ having arbitrary large Beurling density and having the property that the associated
irregular Gabor system G := {e2πiνtg(t − x)}(x,ν)∈Λ, with g being any window in S(Rn), does
not admit a dual of Gabor type (Proposition 6.5).
We point out that the bracket 〈·,·〉, linear in both variables, will be used to denote the duality
between S ′(Rn) and S(Rn). We will use the notation (·,·)2 for the usual inner product in L2(Rn),
which is thus linear in the first variable and anti-linear in the second. C∞(U) will denote the space0
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α,β are multi-indices in Nn, we will write α  β (respectively α < β) when αi  βi , for each
i = 1, . . . , n (respectively αi  βi , for each i = 1, . . . , n with strict inequality for at least one i).
Also, |α| =∑i αi , (βα)=∏i (βiαi
)
if α  β , and, if ξ ∈ Rn, ξα =∏i ξαii .
2. Translation-bounded measures and the Bessel condition
The notion of translation bounded measure is a useful tool in the theory of quasicrystals (see
e.g. [17]). It will also play an important role in our following discussion as it characterizes the
measures for which the Bessel condition holds for Gabor systems with a window in the Schwartz
class as we will prove in this section.
Definition 2.1. We say that a positive Borel measure μ on R2n is translation bounded if for every
compact K ⊂ R2n, there exists a constant C > 0 such that
μ(K + x) C, ∀x ∈ R2n. (2.1)
Clearly, a measure will be translation bounded if the condition above holds for a fixed compact
set with non-empty interior.
Proposition 2.2. Let g ∈ L2(Rn) be a window function with ‖g‖2 = 1 and suppose that μ is a
positive Borel measure on R2n which satisfies the Bessel condition (1.6). Then, μ is translation
bounded. In particular, μ is a tempered measure on R2n, i.e. there exists an integer M  1 such
that ∫
R2n
1
(1 + |x|2 + |ν|2)M dμ(x, ν) < ∞.
Proof. Note first that Vgg(0,0) = 1 and thus, using the continuity of Vgg, there exists r > 0 such
that |Vgg(x, ν)|2  12 if |x|2 + |ν|2  r2. Given any point (x0, ν0) ∈ R2n, choose f ∈ L2(Rn) of
the form
f (t) = e2πit ·ν0g(t − x0).
With this choice of f , we have
Vgf (x, ν) =
∫
Rn
e−2πit ·(ν−ν0)g(t − x0)g(t − x)dt
= e−2πix0·(ν−ν0)
∫
Rn
e−2πis·(ν−ν0)g(s)g
(
s − (x − x0)
)
ds
= e−2πix0·(ν−ν0)Vgg(x − x0, ν − ν0).
If |x − x0|2 + |ν − ν0|2  r2, we have thus
∣∣Vgf (x, ν)∣∣2 = ∣∣Vgg(x0 − x, ν − ν0)∣∣2  12
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1
2
∫
Br (x0,ν0)
1dμ(x, ν)
∫
R2n
∣∣Vgf (x, ν)∣∣2 dμ(x, ν) C1.
This shows that
μ
(
Br(x0, ν0)
)
 2C1, ∀(x0, ν0) ∈ R2n,
from which the conclusion of the lemma easily follows. 
The condition (2.1) is, in general, not sufficient to guarantee that the Bessel condition (1.6)
holds since it does not involve the window g. (See the paper [18] where sufficient conditions for
the Bessel condition to hold are given in the case of unweighted discrete irregular Gabor frame.)
For example, in the one-dimensional case, the classical Gabor system {e2πilt g(t − k)}(k,l)∈Z2
corresponds to the measure μ =∑(k,l)∈Z2 δ(k,l) which is certainly translation bounded, but the
system does not generate a Bessel collection for certain windows g ∈ L2(R), since it is well
known that a necessary and sufficient condition for this to happen is that the Zak transform of
g be bounded a.e., while the Zak transform of an arbitrary function in g ∈ L2(R) could be,
when restricted to the set I 2, any function in L2(I 2), where I = [0,1]. On the other hand, the
following proposition shows that the condition (2.1) guarantees that the Bessel condition (1.6)
holds for windows in the Schwartz class. Before stating it, we will need the following lemma [9,
Lemma 11.3.3].
Lemma 2.3. Let g0, g, γ ∈ S(Rn) be such that (g, γ )2 = 0 and let f ∈ S ′(Rn). Then, we have
∣∣Vg0f (x, ν)∣∣ 1|(g, γ )2|
(|Vgf | ∗ |Vg0γ |)(x, ν), (x, ν) ∈ R2n, (2.2)
where ∗ denotes the convolution product on R2n.
Proposition 2.4. Let μ be a positive, translation bounded Borel measure on R2n and let g ∈
S(Rn). Then, there exists a constant C1  0 such that (1.6) holds.
Proof. We can assume that g = 0. Applying the inequality (2.2) in Lemma 2.3 with the functions
g0 = γ = g ∈ S(Rn) and f ∈ L2(Rn), we obtain that
∣∣Vgf (x, ν)∣∣ C(|Vgf | ∗ |Vgg|)(x, ν), (x, ν) ∈ R2n, (2.3)
with C = 1/‖g‖22. Using the Cauchy–Schwarz inequality, we have
(|Vgf | ∗ |Vgg|(x, ν))2
=
( ∫
2n
∣∣Vgf (y,ω)∣∣∣∣Vgg(x − y, ν −ω)∣∣dy dω
)2R
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∫
R2n
∣∣Vgf (y,ω)∣∣2∣∣Vgg(x − y, ν −ω)∣∣dy dω
∫
R2n
∣∣Vgg(x − y, ν −ω)∣∣dy dω
= C′
∫
R2n
∣∣Vgf (y,ω)∣∣2∣∣Vgg(x − y, ν −ω)∣∣dy dω,
where C′ = ‖Vgg‖L1 < ∞ since Vgg ∈ S(R2n) by a result in [12] (see also [9, Theorem 11.2.5]).
We can thus find, using (2.3), a constant C′′ depending only on g such that
∫
R2n
∣∣Vgf (x, ν)∣∣2 dμ(x, ν)
 C′′
∫
R2n
( ∫
R2n
∣∣Vgf (y,ω)∣∣2∣∣Vgg(x − y, ν −ω)∣∣dy dω
)
dμ(x, ν)
= C′′
∫
R2n
∣∣Vgf (y,ω)∣∣2
( ∫
R2n
∣∣Vgg(x − y, ν −ω)∣∣dμ(x, ν)
)
dy dω.
The translation boundedness of μ, i.e. (2.1), easily shows the existence of a constant D > 0 such
that
∫
R2n
∣∣Vgg(x − y, ν −ω)∣∣dμ(x, ν)D, (y,ω) ∈ R2n.
We deduce thus the existence of a constant C1 > 0 such that
∫
R2n
∣∣Vgf (x, ν)∣∣2 dμ(x, ν) C1
∫
R2n
∣∣Vgf (y,ω)∣∣2 dy dω, f ∈ L2(Rn),
and the conclusion follows from Theorem 1.1. 
3. A characterization for tight Gabor systems
Our next goal is to give a characterization for the positive Borel measures on R2n satisfying
the identity (1.4) and to derive some immediate consequences of this theorem. Note that many of
the results in this section are given without proofs as they are particular cases of analogous results
valid for dual systems, which are proved in Section 4. We first need the following definition.
Definition 3.1. If h ∈ L1(R2n), we define its Fourier transform, Fh, by the formula
(Fh)(ξ, η) =
∫
2n
e−2πi(ξ ·x+η·y)h(x, y) dx dy, (ξ, η) ∈ R2n,
R
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(FSh)(ξ, η) =
∫
R2n
e−2πi(η·x−ξ ·y)h(x, y) dx dy, (ξ, η) ∈ R2n.
Note that (FSh)(ξ, η) = (Fh)(η,−ξ).
The definition of the Fourier transform and that of the symplectic Fourier transform are ex-
tended in the usual way to the elements of S ′(R2n): if σ ∈ S ′(R2n) and ϕ ∈ S(R2n), we have
〈Fσ,ϕ〉 = 〈σ,Fϕ〉, 〈FSσ,ϕ〉= 〈σ(ξ, η),Fϕ(−η, ξ)〉.
The following characterization for our generalized tight Gabor frames associated with a mea-
sure is actually a particular case of a more general result valid for dual systems which will be
proved in Section 4 (Theorem 4.6).
Theorem 3.2. Let μ be a positive, translation bounded Borel measure on R2n and let g ∈ S(Rn).
Then, the identity (1.4) holds for all f ∈ L2(Rn) if and only if
(FSμ)(Vgg) = δ(0,0) on R2n. (3.1)
Remark. The product on the left-hand side of (3.1) has to be understood as the product of a
distribution in S ′(Rn) with a function in S(Rn) and is thus a well-defined tempered distribu-
tion. Note that this product might no longer make sense if we assumed that the window was
just in L2(Rn) since the short-time Fourier transform Vgg might not necessarily be infinitely
differentiable, but just continuous, and the symplectic Fourier transform of a positive, translation
bounded Borel measure need not be a measure. For example, there exist real-valued functions in
L∞(R2n) whose symplectic Fourier transforms are not measures (locally), and adding a small
multiple of one of these to the function 1 will yield a density f (t) for a measure μ = f (t) dt
which is positive, translation bounded, and such that FS(μ) is not a measure.
Remark. We note that, for windows in S(Rn), Theorem 1.1 follows immediately from the pre-
ceding theorem since FS(1) = δ(0,0).
The following corollary provides a very simple criterion to determine whether or not the
Lebesgue measure on R2n (which we identify with the function 1) is the only measure satisfying
(1.4) for all f ∈ L2(Rn).
Corollary 3.3. Let g ∈ S(Rn) satisfy ‖g‖2 = 1. Then, the measure μ = 1 is the only translation-
bounded positive Borel measure on R2n satisfying the identity (1.4) for all f ∈ L2(Rn) if and
only if
Vgg(x, ν) = 0, for all (x, ν) ∈ R2n. (3.2)
Proof. Let g ∈ S(Rn) satisfy ‖g‖2 = 1. If (3.2) holds and μ is a translation-bounded measure
satisfying (1.4), we have using (3.1) that
(FS(μ− 1))Vgg = 0 on R2n,
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follows that Vgg(−x0,−ν0) = 0 also, since
Vgg(−x,−ν) = e−2πix·νVgg(x, ν), (x, ν) ∈ R2n.
Therefore, using the identity
FS[cos(2π(xν0 − νx0))]= 12 (δ(x0,ν0) + δ(−x0,−ν0)),
we find that μ = 1 + cos(2π(xν0 − νx0)) is a translation-bounded measure different from 1
which satisfies (3.1) and the result follows from Theorem 3.2. 
Perhaps surprisingly, the even window functions g in the Schwartz class satisfying the unique-
ness condition in the previous theorem which is equivalent to the non-vanishing of the function
Vgg can be exactly characterized using a result of Hudson ([14]; see also [9, Theorem 4.4.1]):
they must be “generalized Gaussians.” Before stating this result, we need the following defini-
tions.
Definition 3.4. A function g ∈ L2(Rn) of the form
g(x) = e−Ax·x+2πb·x+c, x ∈ Rn, (3.3)
where A is an n × n invertible matrix with complex entries and positive-definite real part (A +
A∗)/2, where b ∈ Cn and c ∈ C, is called a generalized Gaussian. We can assume that A is
symmetric in this definition since the function g is unchanged when A is replaced by (A+At)/2,
where At denotes the transpose of A.
The Wigner distribution, which was first introduced by Wigner, plays an important role in
quantum mechanics.
Definition 3.5. The Wigner distribution of a function f ∈ L2(Rn) is defined by
Wf (x, ν) =
∫
Rn
f (x + t/2)f (x − t/2)e−2πiν·t dt, (x, ν) ∈ R2n. (3.4)
Note that Wf is real-valued.
Definition 3.6. The ambiguity function of a function f ∈ L2(Rn) is defined by
Af (x, ν) =
∫
Rn
f (t + x/2)f (t − x/2)e−2πiν·t dt, (x, ν) ∈ R2n. (3.5)
It satisfies Af (−x,−ν) = Af (x, ν) and is related to the short-time Fourier transform via the
formula
Ag(x, ν) = eiπx·νVgg(x, ν), (x, ν) ∈ R2n. (3.6)
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guity function are very similar, these two functions can be very different. In particular, the sets
where they vanish might be completely unrelated. (See the comments after Theorem 3.10.)
The following result of Hudson completely characterizes as generalized Gaussians the func-
tions in L2(Rn) with a non-vanishing Wigner distribution.
Theorem 3.7. (See [14].) Let f ∈ L2(Rn). Then, Wf (x, ν) > 0 for all (x, ν) ∈ R2n if and only
if f is a generalized Gaussian of the form (3.3).
As an immediate consequence of this last result and of Corollary 3.3, we have the following.
Proposition 3.8. Let g ∈ S(Rn) be even (i.e. g(−x) = g(x), for all x ∈ Rn) and satisfy ‖g‖2 = 1.
Then, the following are equivalent:
(a) The measure μ = 1 is the only translation-bounded positive Borel measure on R2n satisfying
the identity (1.4) for all f ∈ L2(Rn).
(b) Vgg(x, ν) = 0, for all (x, ν) ∈ R2n.
(c) g(x) = Ce−Ax·x , where C = 0 is a constant and A ∈ GL(n,C) is an n× n invertible matrix
with positive-definite real part.
Proof. The equivalence of (a) and (b) is the statement of Corollary 3.3. Furthermore, note that
for any g ∈ L2(Rn) and g is even, we have
Wg(x/2, ν/2)2−n = Ag(x, ν), (x, ν) ∈ R2n, (3.7)
and, in particular, Wg(0,0) = Ag(0,0)2n = 2n > 0. Since Wg is real, the fact that Wg does not
vanish means that Wg > 0 on R2n. By Hudson’s result [14] and the identity (3.6), the fact that
Vgg is never zero is then equivalent to g being a generalized Gaussian of the form (c), using the
evenness of g. 
In the case of an odd window, we always have the non-uniqueness of the measure μ.
Proposition 3.9. Let g ∈ S(Rn) be odd (i.e. g(−x) = −g(x), for all x ∈ Rn) and satisfy
‖g‖2 = 1. Then, there is more then one translation-bounded Borel measure μ on R2n satisfy-
ing the identity (1.4) for all f ∈ L2(Rn).
Proof. If g is odd, we have
Wg(x/2, ν/2)2−n = −Ag(x, ν) = −eiπx·νVgg(x, ν), (x, ν) ∈ R2n, (3.8)
and, in particular, Wg(0,0) = −Ag(0,0)2n = −2n < 0. On the other hand, it is known (see, e.g.
[9, Lemma 4.3.6]) that, for any f ∈ L2(Rn), we have
∫
2n
Wf (x, ν) dx dν = ‖f ‖22.
R
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together with the intermediate value theorem shows then that Wg(x0, ν0) = 0 for some (x0, ν0) ∈
R2n and the conclusion follows from Corollary 3.3. 
Our next result shows that, whether they are even or not, the functions in L2(Rn) with a
positive Wigner distribution, which by Hudson’s theorem are exactly the generalized Gaussians
of the form (3.3), have a non-vanishing ambiguity function.
Theorem 3.10. Let g be a generalized Gaussian of the form (3.3). Then, Vgg(x, ν) = 0 for all
(x, ν) ∈ R2n and if, in addition ‖g‖2 = 1, the measure μ = 1 is the only translation-bounded
Borel measure for which (1.4) holds. In particular, no weighted irregular tight frame for L2(Rn)
can be constructed using a generalized Gaussian as a window function.
Proof. The fact that Vgg does not vanish follows from Lemma 4.11 (with h = g) which will
be proved later. The remainder of the statement follows from Corollary 3.3 and the identity
(1.3). 
For a general window g ∈ S(Rn), the positivity of the associated Wigner distribution implies
thus the non-vanishing of the ambiguity function or, equivalently, that of Vgg. For windows
that are either even or odd, the relations (3.7) and (3.8) between the ambiguity function and the
Wigner distribution show that the non-vanishing of one is equivalent to that of the other. This
suggests that, perhaps, these two properties are equivalent in general and that the generalized
Gaussians are the only windows for which the ambiguity function does not vanish. However, for
windows without (even or odd) symmetry this is not necessarily the case. For example, in one
dimension, if g(x) = e−πxχ[0,∞)(x), we have
A(g)(x, ν) = e
−π |x|e−iπ |x|ν
2π(1 + iν) = 0, (x, ν) ∈ R
2,
while
W(g)(x, ν) = e−2πx sin(4πxν)
πν
χ[0,∞)(x), (x, ν) ∈ R2,
vanishes for all x  0. Of course, the previous window belongs to L2(R) but not to the Schwartz
class. Nevertheless, as we will show next, counterexamples in the Schwartz class can also be
constructed. The so-called “extreme value” window function appears as a density function in
probability theory and is defined by
ψ(t) = et−et , t ∈ R.
More generally, we consider the functions ψk,m defined by
ψk,m = ekt−met , t ∈ R,
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exponentially at ∞. Furthermore, since
ψ ′k,m(t) =
(
k −met)ekt−met = kekt−met −me(k+1)t−met ,
it follows, by induction, that the r th derivative of ψk,m is a linear combination of ψk+j,m, j =
0, . . . , r , and thus has also exponential decay at ±∞. Hence, ψk,m ∈ S(R). It is known that the
Fourier transform of ψk,m can be expressed in terms of the Gamma function:
Fψk,m(ξ) = m−k+2πiξ(k − 2πiξ), ξ ∈ R.
The corresponding ambiguity function can also be expressed in terms of the Gamma function
which yields the analogue of Theorem 3.10 for the normalized windows ψk,m. This result is a
particular case of a more general result for dual systems (Proposition 4.15) which will be proved
later.
Proposition 3.11. We have
A(ψk,m)(x, ν) =
[
m
(
ex/2 + e−x/2)]−2k+2πiν(2k − 2πiν).
In particular,
(a) A(ψk,m) does not vanish anywhere.
(b) If g(t) = (2m)k((2k))−1/2ψk,m, we have ‖g‖2 = 1 and the measure μ = 1 is the only
translation-bounded Borel measure for which (1.4) holds.
Note that the Wigner distribution of ψk,m has to vanish somewhere in the time–frequency
plane by Hudson’s theorem.
Even in the case where the measure μ in (1.4) is not unique, it is possible that no discrete
measure is solution of the problem which then again prevents the existence of discrete, weighted
tight irregular Gabor frames associated with the given window. This will be the case if, for
example, the zero set of Vgg is compact as we prove next.
Proposition 3.12. Let g ∈ S(Rn) satisfy ‖g‖2 = 1 and suppose that the set
{
(x, ν) ∈ R2n,Vgg(x, ν) = 0
}
is a compact subset of R2n. Then, any positive Borel measure μ satisfying the identity (1.4) must
be absolutely continuous with respect to the Lebesgue measure, i.e. dμ = f (t) dt . Furthermore,
f (t) is the restriction to Rn of an entire function of exponential type on Cn.
Proof. Using (3.1) and our assumption, we deduce that FSμ, and thus also Fμ, has com-
pact support. The result follows then immediately from the Paley–Wiener–Schwartz theorem,
see [24]. 
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Ag(x, ν) = −
√
2
8
e−
π
2 (x
2+ν2)
(
x2 + ν2 − 1
π
)
, (x, ν) ∈ R2,
and the previous result applies, since if μ is any positive measure satisfying the identity (1.4),
the support of FSμ will then be contained in the circle centered at the origin and of radius 1√
π
in the time–frequency plane.
The compactness of the zero set of Vgg implies the absolute continuity of the measure μ in
the previous proposition but, in fact, much less is required to prevent that measure from being
discrete as the following particular case of Theorem 4.14 shows.
Theorem 3.13. Let g(x) = p(x)e−πAx·x+πa·x where A is a symmetric matrix in GL(n,C) with
positive definite real part, a ∈ Cn and p(x) is a polynomial in n variables chosen so that
‖g‖2 = 1. Then, no discrete, irregular weighted tight Gabor frame can be constructed using
g(x) as a window function.
Note that if the “tightness” restriction is removed, regular Gabor frames can be constructed
with windows such as those appearing in the previous theorem. For example, Gröchenig and
Lyubarskiı˘ [11] have recently showed that the regular Gabor system associated with the Hermite
function Hn(t) = eπt2( ddt )n(e−πt
2
) and a lattice A(Z2), where A is an invertible 2×2 real matrix,
forms a frame for L2(R) as long as |det(A)| < (n+ 1)−1.
Our next result shows that the property of a translation-bounded measure μ to satisfy the iden-
tity (1.4) for a certain window function is destroyed by any local perturbation of that measure.
Proposition 3.14. Let μ be a translation-bounded measure on R2n which satisfies the identity
(1.4) for a certain window g0 ∈ S(Rn) with ‖g0‖2 = 1. Then, there exists r > 0, such that
Fμ = δ(0,0) on Br, (3.9)
where Br denotes the open ball of radius r centered at the origin in R2n. In particular, if K is
a compact subset of R2n and ρ is a translation-bounded measure on R2n different from μ such
that μ = ρ on R2n \ K , then ρ fails to satisfy the identity (1.4) for any window g ∈ S(Rn) with
‖g‖2 = 1.
Proof. If μ satisfies (1.4) with the window g0, then (3.9) follows immediately from the identity
(3.1) in Theorem 3.2 since Vg0g0(0,0) = 1. If ρ is as above and satisfies (1.4), then the measure
μ − ρ is translation-bounded, compactly supported and has a Fourier transform that vanishes
on Bs , for some s > 0. By the Paley–Wiener–Schwartz theorem [24], F(μ− ρ) is the restriction
to R2n of an entire function of exponential type on C2n and has thus to vanish identically if it
vanishes on Bs . This contradicts the fact that ρ = μ and proves our claim. 
4. Dual windows of Gabor type
In this section we consider the problem of constructing dual Gabor windows associated with
a Gabor window belonging to the Schwartz class. The possibility of constructing a dual Gabor
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section, the generalized Gabor expansions that can associated with certain windows (such as the
generalized Gaussians) are quite limited if one insists on self-duality. In the following, we do
not require the dual window to belong to the Schwartz class but we allow it to be a priori any
function in L2(Rn) as in our next definition or even any tempered distribution as in Theorem 4.4.
Definition 4.1. Given g ∈ S(Rn) and a positive, translation-bounded measure μ on R2n, we say
that the function h ∈ L2(Rn) is a dual window of Gabor type for the pair (g,μ) if h satisfies the
Bessel condition (1.6) (with g replaced with h) with respect to μ and if we have
∫
R2n
Vgf1(x, ν)Vhf2(x, ν) dμ(x, ν) =
∫
Rn
f1(t)f2(t) dt, f1, f2 ∈ L2
(
Rn
)
. (4.1)
Note that, under the conditions of the previous definition, the left-hand side of Eq. (4.1) is
well defined since g satisfies the Bessel condition with respect to μ by Proposition 2.4. It is also
worth mentioning that if a dual of Gabor type h exists for the pair (g,μ), there exists a constant
C > 0 such that ‖f ‖2  C‖Vgf ‖2,μ holds for all f ∈ L2(Rn), by applying the Cauchy–Schwarz
inequality (with f1 = f2) to the left-hand side of (4.1). The system (g,μ) is thus a “generalized
frame” in the sense of the theory developed in [8].
Formula (4.1) leads directly to the following generalized Gabor expansion formulas in the
case where h is a dual window for the pair (g,μ):
f (t) =
∫
R2n
Vgf (x, ν)e2πiν·t h(t − x)dμ(x, ν)
=
∫
R2n
Vhf (x, ν)e2πiν·t g(t − x)dμ(x, ν), f ∈ L2
(
Rn
)
.
Lemma 4.2. Let g ∈ S(Rn) and h ∈ S ′(Rn). Define
(Kϕ)(x, ν) = 〈g(t)⊗ h(s), e−2πiν·(t−s)ϕ(t + x, s + x)〉, ϕ ∈ S(R2n).
Then, K is a continuous mapping from S(R2n) to itself.
Proof. Note that if ϕ ∈ S(R2n), we have
〈
g(t)⊗ h(s),ϕ(t, s)〉= 〈h(s), 〈g(t), ϕ(t, s)〉〉
where k(s) = 〈g(t), ϕ(t, s)〉 belongs to S(Rn). For any integer m 0, let
‖ψ‖Sm = sup|α|m
∥∥Dαψ(x)(1 + |x|2)m∥∥∞, ψ ∈ S(Rn).
Define
R[ϕ](x, ν, s) = 〈g(t), e−2πiν·(t−s)ϕ(t + x, s + x)〉, ϕ ∈ S(R2n).
J.-P. Gabardo / Journal of Functional Analysis 256 (2009) 635–672 649If β1, β2 and γ are multi-indices in Nn, we have
Dβ1x D
β2
ν D
γ
s R[ϕ](x, ν, s)
= Dβ1x Dβ2ν
∑
γ1γ
(
γ
γ1
)
(2πiν)γ−γ1
〈
g(t), e−2πiν·(t−s)D(0,γ1)ϕ(t + x, s + x)〉
= Dβ1x
{ ∑
γ1γ
(
γ
γ1
)
(2πi)γ−γ1
×
∑
δβ2
δγ−γ1
(
β2
δ
)
(ν)γ−γ1−δ
〈
g(t), e−2πiν·(t−s)
(
2πi(s − t))β2−δD(0,γ1)ϕ(t + x, s + x)〉
}
.
Moreover,
Dβ1x
{〈
g(t),
(
2πi(s − t))ν−δe−2πiν·(t−s)D(0,γ1)ϕ(t + x, s + x)〉}
= 〈g(t), (2πi(s − t))ν−δe−2πiν·(t−s)D(β1,γ1)ϕ(t + x, s + x)〉
+ 〈g(t), (2πi(s − t))ν−δe−2πiν·(t−s)D(0,β1+γ1)ϕ(t + x, s + x)〉
= 〈g(t), e−2πiν·(t−s)ψ(t + x, s + x)〉,
where
ψ(t, s) = (2πi(s − t))ν−δ{D(β1,γ1)ϕ(t, s)+D(0,β1+γ1)ϕ(t, s)}
and the mapping ϕ → ψ is continuous from S(R2n) to itself. It follows that
Dβ1x D
β2
ν D
γ
s R[ϕ](x, ν, s) =
∑
σγ
cσ (ν)
σ
〈
g(t), e−2πiν·(t−s)ψσ (t + x, s + x)
〉 (4.2)
where, for each multi-index σ , cσ is a complex constant and ψσ ∈ S(R2n) with the linear map-
ping ϕ → ψσ from S(R2n) to itself being continuous. Note that
(ν)σ
〈
g(t), e−2πiν·(t−s)ψσ (t + x, s + x)
〉
= 1
(−2πi)|σ |
∫
Rn
g(t)ψσ (t + x, s + x)Dσt
{
e−2πiν·(t−s)
}
dt.
Since, for fixed x and s, the function t → g(t)ψσ (t + x, s + x) belongs to S(Rn), integration by
parts shows that the last expression can be written as
1
(2πi)|σ |
∫
Rn
Dσt
{
g(t)ψσ (t + x, s + x)
}
e−2πiν·(t−s)dt
= 1
(2πi)|σ |
∑
σ σ
(
σ
σ1
)∫
n
D
σ1
t g(t)D
σ−σ1
t ψσ (t + x, s + x)e−2πiν·(t−s) dt.1 R
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stant C (depending on g) such that the modulus of the previous expression is bounded by
C
∫
Rn
1
(1 + |t |2)m
1
(1 + |t + x|2 + |s + x|2)m dt‖ϕ‖Sk
where k = k(β1, β2, γ,m,g). Using Peetre’s inequality (see [23, Lemma 1.18]), this last expres-
sion is itself bounded by
C1
∫
Rn
1
(1 + |t |2)m
1
(1 + |t |2 + |s|2)m
1
(1 + |x|2)m dt‖ϕ‖Sk
 C2
1
(1 + |s|2)m
1
(1 + |x|2)m ‖ϕ‖Sk .
Using (4.2) and the previous estimate, it is then easy to see that, for each integer m 0, there is
a constant Cm such that, for ϕ ∈ S(R2n),
(
1 + |x|2 + |ν|2)m∣∣Dβ1x Dβ2ν Dγs R[ϕ](x, ν, s)∣∣ Cm(1 + |s|2)−m‖ϕ‖Sk , (4.3)
if max{|β1|, |β2|, |γ |}  m, where k = k(m,g). Since h ∈ S ′(Rn), there exists C0 > 0 and an
integer m0  0 such that
∣∣〈h(s),ψ(s)〉∣∣ C0‖ψ‖Sm0 , ψ ∈ S
(
Rn
)
. (4.4)
Therefore, for any multi-indices β1, β2 in Nn, we have
Dβ1x D
β2
ν (Kϕ)(x, ν) = Dβ1x Dβ2ν
〈
h(s),R[ϕ](x, ν, s)〉
= 〈h(s),Dβ1x Dβ2ν R[ϕ](x, ν, s)〉
and, using the inequalities (4.3) and (4.4), we have thus, if mm0 and max{|β1|, |β2|, |γ |}m,
that
∣∣Dβ1x Dβ2ν (Kϕ)(x, ν)∣∣ C0 sup
s∈Rn|γ |m0
∣∣Dβ1x Dβ2ν Dγs R[ϕ](x, ν, s)(1 + |s|2)m0 ∣∣
 C′m
(
1 + |x|2 + |ν|2)−m‖ϕ‖Sk ,
for all ϕ ∈ S(R2n), where k = k(β1, β2,m,g,h). This proves our claim. 
The following lemma will be needed. It offers a slight improvement to [9, Theorem 11.2.3].
Lemma 4.3. Let g ∈ S(Rn). Then, if h ∈ S ′(Rn), the function Vgh(x, ν) belongs to OM(R2n),
i.e. for any multi-indices α, β ∈ R2n, there is a constant C(α,β) > 0 and an integer m(α,β)
such that
∣∣DαxDβν Vgh(x, ν)∣∣ C(α,β)(1 + |x|2 + |ν|2)m(α,β), (x, ν) ∈ R2n. (4.5)
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such that the estimate (4.5) holds uniformly for all h ∈ B .
Proof. Note that if B is a bounded set in S ′(Rn), there exists a constant C  0 and an integer
m 0 such that
∣∣〈h,ϕ〉∣∣ C‖ϕ‖Sm, ϕ ∈ S(Rn), h ∈ B.
In the case where α = β = 0 and B consists of a single element, the estimate (4.5) is exactly the
statement of Theorem 11.2.3 in [9], but the proof is the same if B is a bounded set in S ′(Rn). In
general, we have
DαxD
β
ν Vgh(x, ν) = (−1)|α|
〈
h(t), (−2πit)βe−2πiν·tDαg(t − x)〉
= (−1)|α|(−2πi)|β|
∑
γβ
(
β
γ
)
xβ−γ
〈
h(t), (t − x)γ e−2πiν·tDαg(t − x)〉
= (−1)|α|(−2πi)|β|
∑
γβ
(
β
γ
)
xβ−γ Vψα,γ h(x, ν),
where ψα,γ (t) = tγ Dαg(t), and the result follows immediately from the previous case. 
We prove next a version of our dual window characterization in which the functions to be
expanded are in the Schwartz class instead of being square-integrable but where we allow the
dual window to be a tempered distribution and the expansion takes place in the space of tempered
distributions. This situation occurs, for example, in the case of the one-dimensional regular Gabor
system associated with the lattice Z2, where the Balian–Low theorem prevents any function
nicely localized in the time–frequency plane, and in particular, any Schwartz function, to form
a frame for L2(R) and thus to admit a Gabor dual in L2(R) in the sense of Definition 4.1.
However, the weaker duality defined by (4.6) can still occur. An example of such duality in the
distributional sense in the case where the window is a Gaussian can be found in the paper [15]
by Janssen.
Theorem 4.4. Let μ be a tempered positive Borel measure on R2n. Let g ∈ S(Rn) and let h ∈
S ′(Rn). Then, the identity
∫
R2n
Vgψ1(x, ν)Vhψ2(x, ν) dμ(x, ν) =
∫
Rn
ψ1(t)ψ2(t) dt, ψ1,ψ2 ∈ S
(
Rn
)
, (4.6)
holds if and only if
(FSμ)(Vgh) = δ(0,0) on R2n. (4.7)
Proof. We first define a tempered distribution T on R2n by the formula
〈
T (t, s), ϕ(t, s)
〉=
∫
2n
{〈
g(t)⊗ h(s), e−2πiν·(t−s)ϕ(t + x, s + x)〉}dμ(x, ν),R
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also clear that, if ψ1,ψ2 ∈ S(Rn), we have
∫
R2n
Vgψ1(x, ν)Vhψ2(x, ν) dμ(x, ν) =
〈
T (t, s),ψ1(t)⊗ψ2(s)
〉
.
If (4.6) holds, we have thus
〈
T (t, s),ψ1(t)⊗ψ2(s)
〉=
∫
Rn
ψ1(t)ψ2(t) dt, ψ1,ψ2 ∈ S
(
Rn
)
.
Defining the tempered distribution ρ on R2n by the formula
〈
ρ(t, s), ϕ(t, s)
〉=
∫
Rn
ϕ(t, t) dt, ϕ ∈ S(R2n),
and using the density in S(R2n) of the span of the functions of the form ψ1(t) ⊗ ψ2(s), where
ψ1,ψ2 ∈ S(Rn), we deduce that T = ρ. The change of variable u = s − t , w = s induces a
transformation Φ from S ′(R2n) to itself defined by
〈
Φ(σ)(u,w),ϕ(u,w)
〉= 〈σ(t, s), ϕ(s − t, s)〉, σ ∈ S ′(R2n), ϕ ∈ S(R2n).
With this change of variable, we have
〈
Φ(T )(u,w),ϕ(u,w)
〉=
∫
R2n
{〈
g(t)⊗ h(s), e−2πiν·(t−s)ϕ(s − t, s + x)〉}dμ(x, ν),
for each ϕ ∈ S(R2n), while
〈
Φ(ρ)(u,w),ϕ(u,w)
〉=
∫
Rn
ϕ(0,w)dw,
for each such ϕ, showing that Φ(ρ)(u,w) = δ0(u)⊗1(w). Denoting by F2 the Fourier transform
with respect to the second variable w and defined by the formula
F2ϕ(u, ξ) =
∫
Rn
e−2πiξ ·wϕ(u,w)dw, ϕ ∈ S(R2n),
for functions in the Schwartz class and, by duality,
〈F2σ,ϕ〉 = 〈σ,F2ϕ〉, ϕ ∈ S
(
R2n
)
, σ ∈ S ′(R2n),
for tempered distributions on R2n, we have, that
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g(t)⊗ h(s), e−2πiν·(t−s)F2ϕ(s − t, s + x)
〉
= 〈h(s), 〈g(t)e−2πiν·(t−s)F2ϕ(s − t, s + x)〉〉
=
〈
h(s),
∫∫
R2n
g(t)e−2πiν·(t−s)e−2πi(s+x)·ξ ϕ(s − t, ξ) dξ dt
〉
.
After the change of variables s − t = u, this last expression can be written as
〈
h(s),
∫∫
R2n
g(s − u)e−2πi(−ν)·ue−2πi(s+x)·ξ ϕ(u, ξ) dudξ
〉
(4.8)
or as
∫∫
R2n
e−2πi[(−ν)·u+x·ξ ]
〈
h(s), g(s − u)e−2πis·ξ 〉ϕ(u, ξ) dudξ
= F{(Vgh)ϕ}(−ν, x). (4.9)
To justify the equality between (4.8) and (4.9), consider a sequence (hk) in S(Rn) which con-
verges to h in S ′(Rn) as k → ∞. For fixed x and ν, let
ζ(s) =
∫∫
R2n
g(s − u)e−2πi(−ν)·ue−2πi(s+x)·ξ ϕ(u, ξ) dudξ.
Since ζ ∈ S(Rn), we have 〈hk(s), ζ(s)〉 → 〈h(s), ζ(s)〉 as k → ∞. Furthermore, since, for
each k,
∫∫∫
R3n
∣∣hk(s)∣∣∣∣g(s − u)∣∣∣∣ϕ(u, ξ)∣∣dudξ ds < ∞,
Fubini’s theorem shows that 〈hk(s), ζ(s)〉 = F{(Vghk)ϕ}(−ν, x). Since the sequence {hk} is
convergent in S ′(Rn), it must be weakly bounded and thus strongly bounded in S ′(Rn). Using
Lemma 4.3 with α = β = 0, we can find a constant C and an integer m, such that, for all k,
∣∣(Vghk)(x, ν)∣∣ C(1 + |x|2 + |ν|2)m, (x, ν) ∈ R2n,
and thus
∣∣(Vghk)(x, ν)ϕ(x, ν)∣∣ C
′
(1 + |x|2 + |ν|2)n+1 , (x, ν) ∈ R
2n,
for some constant C′ independent of k. Since the right-hand side of the previous inequality is
integrable on R2n and Vghk converges to Vgh pointwise as k → ∞, our claim follows from
the Lebesgue dominated convergence theorem. Noting that, by Lemma 4.3, the function (Vgh)ϕ
belongs to S(R2n) and letting S = Φ(T ), we have thus
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∫
R2n
F{(Vgh)ϕ}(−ν, x) dμ(x, ν) = 〈μ(x, ν),F{(Vgh)ϕ}(−ν, x)〉
= 〈FSμ(x, ν), (Vgh)(x, ν)ϕ(x, ν)〉= 〈FSμ(x, ν)(Vgh)(x, ν),ϕ(x, ν)〉
while F2Φ(ρ) = δ(0,0)(x, ν), from which the identity (4.7) follows immediately. Conversely, if
the identity (4.7) holds, the preceding arguments can easily be reversed to obtain (4.6), which
concludes the proof. 
Note that the identity (4.6) means that every function ϕ ∈ S(Rn) admits the expansion
ϕ(t) =
∫
R2n
Vgϕ(x, ν)e2πit ·νh(t − x)dμ(x, ν)
in the space S ′(Rn).
Remark. The product appearing on the left-hand side formula (4.7) is well defined in S ′(R2n) as
the product between a distribution in S ′(R2n) and a function in OM(R2n). By taking the inverse
Fourier transform of both sides of (4.7) and using the fact that the so-called cross Rihaczek
distribution of g and h, defined by
R(g,h)(x, ν) = (g(x)⊗ hˆ(ν))e−2πix·ν, (x, ν) ∈ R2n,
satisfies the identity (see [10, Lemma 8.9] for more details)
F{R(g,h)}(u, ξ) = Vgh(−ξ,u), (u, ξ) ∈ R2n,
we deduce that (4.7) is equivalent to
μ ∗ R(g,h) = 1 on R2n.
The following lemma is needed before stating the L2-version of the previous theorem.
Lemma 4.5. Let μ be a complex Borel measure on Rm with the property that its total variation,
|μ|, is translation-bounded. Suppose that for some r > 0 and some τ ∈ Rm,
supp(Fμ)∩Br(τ) = {τ },
where Br(τ) = {ξ ∈ Rm, |ξ − τ | < r}. Then, there exists a ∈ C such that
Fμ = aδτ on Br(τ).
Proof. Choose a function ϕ which is infinitely differentiable with compact support in the ball
B = {ξ ∈ Rm, |ξ | < 1}, and define
ψ(ξ) = ϕ
(
ξ − τ )
, for 0 <  < r.

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∣∣〈μ,Fψ〉∣∣=
∣∣∣∣
∫
Rm
e−2πix·τ mFϕ(x)dμ(x)
∣∣∣∣ m
∫
Rm
∣∣Fϕ(x)∣∣d|μ|(x).
Since Fϕ ∈ S(Rm), there exists, for each integer N  1, a constant BN such that
∣∣Fϕ(x)∣∣ BN
1 + |x|2N
and, since |μ| is translation-bounded, there exists C > 0 such that
|μ|([0,1)m + x) C, ∀x ∈ Rm.
Hence
∣∣〈μ,Fψ〉∣∣ CBNm ∑
k∈Zm
sup
y∈[0,1)m
1
1 + 2N |k + y|2N . (4.10)
Now, if |k| 6√m and y1, y2 ∈ [0,1)m, we have
|k + y1|2 
(|k| + |y1|)2  (|k| + √m )2  2(|k| − √m )2  2|k + y2|2.
This shows that, if |k| 6√m,
sup
y∈[0,1)m
1
1 + 2N |k + y|2N 
∫
[0,1)m
1
1 + 2N2−2N |k + y|2N dy.
Therefore, using this last estimate together with (4.10), we obtain, letting A be the cardinality of
the set {k ∈ Zm, |k| < 6√m}, that
∣∣〈μ,Fψ〉∣∣ CBNm
{
A+
∑
k∈Zm
|k|6√m
∫
[0,1)m
1
1 + 2N2−2N |k + y|2N dy
}
 CBNm
{
A+
∫
Rm
1
1 + |x/2|2N dx
}
= CBNm
{
A+ −m2m
∫
Rm
1
1 + |x|2N dx
}
.
If N > m/2, it follows that the integral above is finite and we obtain the existence of a constant
M > 0 such that
∣∣〈μ,Fψ〉∣∣M, 0 <  < r.
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Fμ =
∑
α∈F
cαD
αδτ on Br(τ),
where F ⊂ Nm is a finite set of multi-indices, by a well-known characterization of distributions
supported on a single point (see [24]). We have thus, if 0 <  < r ,
∣∣〈μ,Fψ〉∣∣= ∣∣〈Fμ,ψ〉∣∣=
∣∣∣∣
∑
α∈F
cα(−1)|α|−|α|Dαϕ(0)
∣∣∣∣.
Since the values of the partial derivatives of ϕ at 0 can be arbitrary, this last expression will
not remain bounded for all ϕ ∈ C∞0 (Br) as  approaches 0 unless cα = 0 whenever α = 0. This
proves our claim. 
Theorem 4.6. Let μ be a translation-bounded, positive Borel measure on R2n. Let g ∈ S(Rn)
and let h ∈ L2(Rn) satisfies the Bessel condition (1.6) (with g replaced with h) with respect to μ.
Then, the function h is a dual window for the pair (g,μ) if and only if
(FSμ)(Vgh) = δ(0,0) on R2n. (4.11)
In particular, if h is a dual window for the pair (g,μ), we must have that (g,h)2 = 0.
Proof. If h is a dual window for the pair (g,μ), the identity (4.1) has to hold, in particular,
for all functions in S(Rn). This implies (4.11) using Theorem 4.4. Conversely, using that same
result, if (4.11) holds, the identity (4.6) holds for all functions in S(Rn). Since h satisfies (1.6) by
assumption and g as well by Proposition 2.4, it follows that the identity (4.6) can be extended to
all functions in L2(Rn) by continuity, showing that h is a dual window for the pair (g,μ). Finally,
if h is a dual window for the pair (g,μ), the identity (4.7) implies that the support of FSμ is the
set {(0,0)} on a neighborhood of the origin. Using Lemma 4.5, it follows that FSμ = Cδ0,0 on
that neighborhood. Thus CVgh(0,0) = C(g,h)2 = 1, showing that (g,h)2 = 0. 
Note that the well-known orthogonality conditions for the short-time Fourier transform (see
[9, Theorem 3.2.1]) can be obtained from the previous theorem in the case where one of the
windows belongs to the Schwartz class, since, under the condition that (g,h)2 = 1, the identity
(4.11) holds when μ = 1. We now consider the analogue of Corollary 3.3 for Gabor dual systems.
Corollary 4.7. Let g ∈ S(Rn) and h ∈ L2(Rn) satisfy (g,h)2 = 1. Then, the measure μ = 1 is
the only translation-bounded positive Borel measure on R2n such that h is a dual window for the
pair (g,μ) if and only if
∣∣Vgh(x, ν)∣∣2 + ∣∣Vgh(−x,−ν)∣∣2 = 0, for all (x, ν) ∈ R2n. (4.12)
Proof. If the condition (4.12) holds and h is a dual window for the pair (g,μ), we must have
FS(μ− 1)(x, ν)Vgh(x, ν) = 0
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FS(μ− 1)(x, ν)∣∣Vgh(x, ν)∣∣2 = 0.
Since μ − 1 is a real measure, we have FS(μ− 1)(x, ν) = FS(μ − 1)(−x,−ν). This together
with the previous identity yields
FS(μ− 1)(x, ν)∣∣Vgh(−x,−ν)∣∣2 = 0
and thus
FS(μ− 1)(x, ν){∣∣Vgh(x, ν)∣∣2 + ∣∣Vgh(−x,−ν)∣∣2}= 0.
Hence, FS(μ − 1) = 0 and μ = 1. If the condition (4.12) is not satisfied at some point (x0, ν0),
the construction of a measure μ = 1 such that h is a dual window for the pair (g,μ) is the same as
in Corollary 3.3. Note that, since the measure μ constructed is given by a function in L∞(R2n),
any function in L2(Rn) satisfies the Bessel condition (1.6) with respect to μ as can be seen using
Theorem 1.1. 
Example. Consider the pair of windows g(t) = e−πt2 and h(t) = −
√
2
ζ
(t − ζ )e−πt2 , where ζ ∈
C \ {0}, in one dimension. Then,
Vgh(x, ν) = − 12ζ (x − iν − 2ζ )e
−π(x2+ν2+2ixν)/2, (x, ν) ∈ R2.
Since, Vgh has a single zero located at the point (x, ν) = (2 Re(ζ ),−2 Im(ζ )), the condition
(4.12) in the previous corollary is satisfied and, since (g,h)2 = 1, the only translation-bounded
positive Borel measure μ on R2n such that h is a dual window for the pair (g,μ) is the trivial
one, μ = 1.
We also have the analogue of Proposition 3.14 for dual windows, with a similar proof which
uses the identity (4.7).
Proposition 4.8. Let μ be a positive tempered measure on R2n and assume that g0 ∈ S(Rn)
and h0 ∈ S ′(Rn) satisfy 〈h0, g0〉 = 1 as well as (4.6) with g = g0 and h = h0. Then, there exists
r > 0, such that
Fμ = δ(0,0) on Br, (4.13)
where Br denotes the open ball of radius r centered at the origin in R2n. In particular, if K is a
compact subset of R2n and ρ is tempered measure on R2n different from μ such that μ = ρ on
R2n \K , then ρ fails to satisfy the identity (4.6) for any window g ∈ S(Rn) and any distribution
h ∈ S ′(Rn).
Note that the previous result has the following somewhat surprising consequence. Suppose
for example that the collection {e2πibl·t g(t − ak)}(k,l)∈Zn×Zn , where a, b > 0 are two parameters
and g ∈ S(Rn) forms a frame for L2(Rn). Then, the standard dual of the frame is again a Gabor
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is applied to the frame as in Proposition 4.8, the resulting system will still be a frame but it can
no longer admit a dual which is of “Gabor type.”
We will now use Theorem 4.6 to obtain more information about the measures μ having the
property that the pair (ϕ,μ) admits a dual window in the case where ϕ is the Gaussian ϕ(x) =
2n/4e−π |x|2 . Recall that the Bargmann–Fock space F2(Cn) is the Hilbert space of entire functions
F on Cn for which
‖F‖2F =
∫
Cn
∣∣F(z)∣∣2e−π |z|2 dz
is finite. It is known that the Bargmann transform B :L2(Rn) → F2(Cn), defined by
Bf (z) = 2n/4
∫
Rn
f (t)e2πt ·z−πt2−
π
2 z
2
dt, f ∈ L2(Rn), z ∈ Cn,
is an isometry from L2(Rn) onto F2(Cn). Furthermore, if we write z = x + iν ∈ Cn, then we
have
Vϕf (x,−ν) = eπix·νe−π |z|2/2Bf (z), f ∈ L2
(
Rn
)
.
(See [9, Section 3.4] for more details on the Bargmann transform.) It was proved by Lyubarskiı˘
[20] and, independently by Seip and Wallstén [25,26], that, in dimension n = 1, the regular Gabor
system generated by the Gaussian {e2πibltϕ(t − ak)}(k,l)∈Z2 , where a, b > 0 are two parameters,
forms a frame for L2(R) if ab < 1. In particular, in that case, the standard dual provides a dual
of Gabor type for the system. Note that this situation corresponds to the case where the measure
μ associated with the system is the counting measure of a lattice and its symplectic Fourier
transform, FSμ, is thus a measure supported on the adjoint lattice (see the discussion at the
beginning of Section 5) and it is in particular discrete. The following result, which is only valid
in dimension n = 1, shows, in particular, that, if μ is any measure such that the pair (ϕ,μ) admits
a dual window h ∈ L2(R), then the support of FSμ must necessarily be discrete.
Proposition 4.9. Let ϕ(x) = 21/4e−πx2 and let μ be a translation-bounded measure on R2.
Suppose that the pair (ϕ,μ) admits a dual window h ∈ L2(R) with (ϕ,h)2 = 1, Then, there
exists a discrete set Λ ⊂ R2 with −Λ = Λ and a function F ∈ F2(C) satisfying F(0) = 1 such
that
FSμ = δ(0,0) +
∑
(x,ν)∈Λ
cx,νδ(x,ν) (4.14)
where
Λ ⊂ ZF :=
{
(x, ν) ∈ R2,F (x − iν) = F(−x + iν) = 0}
and cx,ν ∈ C \ {0} for each (x, ν) ∈ Λ.
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−Λ = Λ and Λ ⊂ ZF , there exists a translation-bounded measure μ on R2 such that FSμ is of
the form (4.14) and a function h ∈ L2(R) such that the pair (ϕ,μ) admits h as a dual window.
Proof. Suppose first that h ∈ L2(R) is a dual window for the pair (ϕ,μ). Since μ is a positive
measure, we have FSμ(x, ν) = FSμ(−x,−ν). Hence, if FSμ has the form (4.14), we must have
−Λ = Λ (and c−x,−ν = cx,ν for (x, ν) ∈ Λ). To prove that (4.14) holds, we use Theorem 4.6 to
obtain the identity
(FSμ)(x, ν)Vϕh(x, ν) = δ(0,0)(x, ν)
which is equivalent to
(FSμ)(x, ν)Bh(x − iν) = δ(0,0)(x, ν).
This last identity combined with the fact that the support of FS is invariant under the transfor-
mation (x, ν) → (−x,−ν) implies that the support of FSμ is contained in the union of the set
{(0,0)} with ZF , where F := Bh ∈ F2(C). Since F is an entire function of one complex vari-
able, its zeros are isolated and the representation (4.14) follows from Lemma 4.5. Conversely, if
F ∈ F2(C) satisfies F(0) = 1 and Λ is a subset of ZF with −Λ = Λ, let L = {(xk, νk), k ∈ K}
be a subset of ZF such that Λ = L ∪ (−L) and L ∩ (−L) = ∅ where K = ∅ if Λ = ∅,
K = {1,2, . . . ,m} if card(L) = m and K = N = {1,2, . . .} if L is infinite. Defining μ by let-
ting
FSμ = δ(0,0) +
∑
k∈K
4−k(δ(xk,νk) + δ(−xk,−νk))
we have μ = g ∈ L∞(R2) with 1/3  g  5/3 and the result follows immediately from Theo-
rem 4.6 letting h = B−1F . 
Remark. It is clear that in dimension n 2, the proposition just proved is not true. For example,
if h ∈ L2(R2) is of the form h = h1 ⊗h2 where h1, h2 ∈ L2(R) and ϕ = ϕ1 ⊗ϕ1, where ϕ1(x) =
21/4e−π |x|2 , we have
Vϕh(x1, x2, ν1, ν2) = Vϕ1h1(x1, ν1)Vϕ1h1(x2, ν2)
and if, for example, Vϕ1h1(x0, ν0) = Vϕ1h1(−x0,−ν0) = 0, then
Vϕh(x0, x2, ν0, ν2) = Vϕh(−x0,−x2,−ν0,−ν2) = 0
for all (x2, ν2) ∈ R2 and the zeros of Vϕh are not isolated. It is then easy to use Theorem 4.6 to
construct a counterexample.
Definition 4.10. The cross-ambiguity function of two functions f and g in L2(Rn) is defined by
A(f, g)(x, ν) =
∫
Rn
f (t + x/2)g(t − x/2)e−2πiν·t dt, (x, ν) ∈ R2n. (4.15)
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g(x) = e−πAx·x+πa·x, h(x) = e−πBx·x+πb·x
where both A and B are symmetric matrices in GL(n,C) with positive definite real part and
a, b ∈ Cn. Then,
A(g,h)(x, ν) = eR(x,ν), (x, ν) ∈ R2n,
where R(x, ν) is a polynomial of degree 2 (in 2n variables).
Proof. First note that, if A satisfies the conditions of the lemma, then
F{e−πAx·x}(ξ) =
∫
Rn
e−πAx·xe−2πiξ ·x dx = (detA)−1/2e−πA−1ξ ·ξ , ξ ∈ Rn.
In the previous formula, the term (detA)1/2 is well defined (and positive) if A is positive definite
and can be extended by analyticity to the set of symmetric matrices with positive definite real
part, since the range of the mapping A → detA, where A varies over such matrices, is a simply
connected open subset of C \ {0}. (See [9,13] for more details.) Since the integral defining the
Fourier transform is absolutely convergent even when ξ ∈ Cn and the terms in the previous
identity are all well defined and analytic when viewed as functions of ξ ∈ Cn, it follows, by
analyticity, that the previous identity also holds for ξ ∈ Cn. Therefore, we have
F{e−πAx·x+2πa·x}(ξ) =
∫
Rn
e−πAx·x+2πa·xe−2πiξ ·x dx
=
∫
Rn
e−πAx·xe−2πi(ξ+ia)·x dx
= (detA)−1/2e−πA−1(ξ+ia)·(ξ+ia), ξ ∈ Rn.
Hence,
A(g,h)(x, ν)
=
∫
Rn
e−πA(t+x/2)·(t+x/2)+2πa·(t+x/2)e−πB∗(t−x/2)·(t−x/2)+2πb·(t−x/2)e−2πiν·x dt
= e−π(A+B∗)x·x/4+π(a−b)·x
∫
Rn
e−π(A+B∗)t ·t+2π(a−b)·t e−π(A−B∗)x·t e−2πiν·t dt
= e−π(A+B∗)x·x/4+π(a−b)·x(detC)−1/2e−πC−1ξ ·ξ ,
where C = A + B∗ and ξ = ν + i(a − b + (B∗ − A)x/2). The conclusion of the lemma fol-
lows. 
As an immediate consequence, we have the following result.
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are symmetric matrices in GL(n,C) with positive definite real part, a, b ∈ Cn and c1, c2 are
constants chosen so that (g,h)2 = 1. Then, the measure μ = 1 is the only positive tempered
measure on R2n such that the identity of (4.6) holds for this choice of g and h. In particular, the
measure μ = 1 is the only positive, translation-bounded measure on R2n such that h is a dual
for the pair (g,μ).
Proof. The result follows immediately from Lemma 4.11 and Theorems 4.4 and 4.6, using the
identity (3.6). 
If the generalized Gaussians in the previous theorem are multiplied by polynomials, the
uniqueness of the measure μ is no longer true, but the impossibility to construct discrete measure
solution of the problem still remains as our next result will show. Before stating it, we need first
the following lemma whose proof is almost obvious in the case where the set Λ supporting the
measure μ is not dense in Rm. A bit more work is needed if we do not make this assumption.
Lemma 4.13. Let μ =∑a∈Λ caδa ∈ S ′(Rm) be a discrete measure on Rm, where Λ ⊂ Rm is at
most countable, and assume that, for some N > 0,
∫
Rm
1
(1 + |x|2)N d|μ| < ∞,
where |μ| denotes the total variation of μ, so that, in particular, μ is a tempered measure on Rm.
Then, there exists no polynomial of m variable P(ξ) such that
Fμ(ξ)P (ξ) = δ0 on Rm. (4.16)
Proof. The inverse Fourier transform of P(ξ) has the form
F−1(P(ξ))= ∑
α∈F
bαD
αδ0
where F is a finite subset of Nm and bα = 0 for each α ∈ F . Taking inverse Fourier transform,
Eq. (4.16) becomes
μ ∗
∑
α∈F
bαD
αδ0 = 1. (4.17)
Choose a function ϕ which is infinitely differentiable and also compactly supported in the ball
{x ∈ Rm, |x| < 1} and satisfies ϕ(0) = 1. Choose γ ∈ F such that |α|  |γ | for all α ∈ F . Fix
d ∈ Λ with μ({d}) = cd = 0 and define
ψ(x) = (x − d)γ ϕ
(
x − d

)
, for  > 0.
We have
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Dγψ
}
(x) = γ !ϕ
(
x − d

)
+
∑
0β<γ
(
γ
β
)
γ !
(γ − β)!
(
x − d

)γ−β(
Dγ−βϕ
)(
x − d

)
= γ !ϕ
(
x − d

)
+ ζ
(
x − d

)
(4.18)
where ζ ∈ C∞0 (Rm) is supported in the ball {x ∈ Rm, |x| < 1} and satisfies ζ(0) = 0. Similarly,
if α ∈ F and α = γ , we have
{
Dαψ
}
(x) =
∑
βγ
βα
(
α
β
)
γ !
(γ − β)! (x − d)
γ−β 1
|α|−|β|
(Dα−βϕ)
(
x − d

)
=
∑
βγ
βα
(
α
β
)
γ !
(γ − β)!
(
x − d

)γ−β
|γ |−|α|
(
Dα−βϕ
)(x − d

)
.
This shows that
{
Dαψ
}
(x) =
|α|∑
k=0
kρk
(
x − d

)
, (4.19)
where, for each k, ρk ∈ C∞0 (Rm) is supported in the ball {x ∈ Rm, |x| < 1} and satisfies
ρk(0) = 0. Clearly,
lim
→0+
〈1,ψ〉 = lim
→0+
∫
Rm
ψ(x) dx = 0. (4.20)
Also, letting Λ0 = Λ∩B(d,1), we have
∑
α∈Λ0
|cα| < ∞
and, if 0 <  < 1,
〈∑
α∈F
bαD
αμ,ψ
〉
=
∑
α∈F
bα
∑
a∈Λ
ca(−1)αDαψ(a)
=
∑
bαcd(−1)αDαψ(d)+
∑
bα
∑
ca(−1)αDαψ(a).
α∈F α∈F a∈Λ0\{d}
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α = γ . Furthermore, for any α ∈ F ,
lim
→0+
∑
a∈Λ0\{d}
|ca|
∣∣Dαψ(a)∣∣= 0.
Therefore,
lim
→0+
〈∑
α∈F
bαD
αμ,ψ
〉
= bγ cd(−1)γ γ ! = 0. (4.21)
The identity (4.17) is contradicted by (4.20) and (4.21), which proves the lemma. 
Theorem 4.14. Let g(x) = p(x)e−πAx·x+πa·x and h(x) = q(x)e−πBx·x+πb·x , where both A and
B are symmetric matrices in GL(n,C) with positive definite real part, a, b ∈ Cn and p(x),
q(x) are polynomials in n variables chosen so that (g,h)2 = 0. Let μ be a positive translation-
bounded measure on R2n. Then, h cannot be a dual window for the pair (g,μ) if the measure μ
is discrete. In particular, no weighted irregular tight Gabor frame can be constructed using g as
a window function.
Proof. Let ψ1,ψ2 ∈ S(Rn) and let α,β ∈ Nn be multi-indices. We have
A(tαψ1(t), tβψ2(t))(x, ν)
=
∫
Rn
(t + x/2)αψ1(t + x/2)(t − x/2)βψ2(t − x/2)e−2πiν·t dt
=
∑
0γα
0δβ
(
α
γ
)(
β
δ
)
(x/2)α+β−γ−δ(−1)β−δ
∫
Rn
tγ+δψ1(t + x/2)ψ2(t − x/2)e−2πiν·t dt
=
∑
0γα
0δβ
(
α
γ
)(
β
δ
)
(x/2)α+β−γ−δ (−1)
β−δ
(−2πi)|γ+δ|
∂γ+δ
∂νγ+δ
{A(ψ1,ψ2)(x, ν)}.
Therefore, if g and h are as above with p(x) =∑α∈F cαxα and q(x) =∑β∈G dβxβ , we have,
A(g(t), h(t))(x, ν) = ∑
α∈F,β∈G
cαdβA
(
tαe−πAt ·t+πa·t , tβe−πBt ·t+πb·t
)
(x, ν).
By the previous computations and Lemma 4.11, this last expression can be written in the form
A(g(t), h(t))(x, ν) = R1(x, ν)eR2(x,ν)
where R1 and R2 are both polynomials in 2n variables and with R2 of degree at most 2. We can
also assume that R2(0,0) = 0 (by replacing R2(x, ν) by R2(x, ν) − R2(0,0) if necessary). If μ
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as above, we have, by Theorem 4.6, that
(FSμ)(x, ν)R1(x, ν)eR2(x,ν) = δ(0,0)(x, ν) on R2n
or, equivalently, multiplying both sides of the previous identity by e−R2(x,ν),
(FSμ)(x, ν)R1(x, ν) = δ(0,0)(x, ν) on R2n.
After a change of variables, we obtain that
(Fμ)(x, ν)R(x, ν) = δ(0,0)(x, ν) on R2n
for the polynomial R(x, ν) = R1(−ν, x). Using Lemma 4.13, it follows that μ cannot be a dis-
crete measure which proves our claim. 
We now prove the analogue of Theorem 4.12 for the family of extreme value windows
ψk,m(t) = ekt−met , k,m > 0.
Proposition 4.15. Let k1, k2,m1,m2 be positive numbers. Then, for (x, ν) ∈ R2, we have
A(ψk1,m1 ,ψk2,m2)(x, ν)
= e(k1−k2)x/2[m1ex/2 +m2e−x/2]−(k1+k2−2πiν)(k1 + k2 − 2πiν).
In particular,
(a) A(ψk1,m1,ψk2,m2) does not vanish anywhere on R2.
(b) Let g(t) = c1ψk1,m1(t) and h(t) = c2ψk2,m2(t), where the constants c1 and c2 are chosen so
that (g,h)2 = 1. Then, the measure μ = 1 is the only positive tempered measure on R2 such
that the identity of (4.6) holds for this choice of g and h. In particular, the measure μ = 1
is the only positive, translation-bounded measure on R2 such that h is a dual for the pair
(g,μ).
Proof. We have, for any (x, ν) ∈ R2,
A(ψk1,m1,ψk2,m2)(x, ν)
=
∫
R
ek1(t+x/2)−m1et+x/2ek2(t−x/2)−m2et−x/2e−2πiνt dt
= e(k1−k2)x/2
∫
R
e(k1+k2)t−(m1ex/2+m2e−x/2)et e−2πiνt dt
= e(k1−k2)x/2Fψk1+k2,m1ex/2+m2e−x/2(ν)
= e(k1−k2)x/2[m1ex/2 +m2e−x/2]−(k1+k2−2πiν)(k1 + k2 − 2πiν),
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while (b) is again a consequence of (a) together with Theorems 4.4 and 4.6. 
5. Regular Gabor systems
In this section, we briefly point out how some of the results obtained in the previous sections
relate to known ones in the case of (unweighted) regular Gabor systems. Although these results
are known, it is worthwhile to mention them as they are immediate consequences of our main
theorems.
Let Λ be a 2n-dimensional lattice in R2n. Then Λ can be described as the set CZ2n, for some
2n× 2n invertible real matrix C. Consider the measure
μ = ∣∣det(C)∣∣ ∑
k∈Z2n
δCk.
Then,
Fμ =
∑
k∈Z2n
δDk,
where D = (Ct )−1. Denoting by J the linear mapping from R2n to itself defined by J (x, y) =
(−y, x) for (x, y) ∈ Rn × Rn, we have also
FSμ =
∑
k∈Z2n
δJ Dk.
The lattice JDZ2n appearing in the previous formula is called the adjoint lattice and will be
denoted by Λ◦. Applying Theorem 3.2 to this particular translation-bounded measure μ, we
obtain thus the following result.
Theorem 5.1. Let g ∈ S(Rn) with ‖g‖2 = 1 and consider the lattice Λ = CZ2n, where C is a
2n× 2n invertible real matrix and the adjoint lattice Λ◦. Let r = √|det(C)|. Then, the following
are equivalent:
(1) {re2πiν·t g(t − x)}(x,ν)∈Λ is a Parseval tight frame for L2(Rn).
(2) Vgg(x, ν) = 0, (x, ν) ∈ Λ◦ \ {(0,0)}.
(3) The collection {e2πit ·νg(t − x)}(x,ν)∈Λ◦ is orthonormal.
When restricted to the case of separable lattices, this result can be seen as a particular case
of the Ron–Shen duality [22] or the Wexler–Raz identity [30] with the window being in the
Schwartz class.
A similar result holds for dual systems, using Theorem 4.6.
Theorem 5.2. Let Λ, Λ◦ and r be as in the previous theorem. Let g ∈ S(Rn) and let h ∈ L2(Rn)
be such that the collection {e2πiν·t h(t − x)}(x,ν)∈Λ has the Bessel property and assume that
(g,h)2 = 1. Then, the following are equivalent:
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L2(Rn).
(2) Vgh(x, ν) = 0, (x, ν) ∈ Λ◦ \ {(0,0)}.
(3) The collections {e2πit ·νg(t − x)}(x,ν)∈Λ◦ and {e2πit ·νh(t − x)}(x,ν)∈Λ◦ are biorthogonal.
Again, this last result, when restricted to the case of separable lattices, yields the Wexler–Raz
identity [30], of course with the restriction that one of the windows belongs to the Schwartz
class. These results were obtained in full generality for windows in L2(Rn) in [6]. (See also
[9, Section 9.4] for the case of symplectic lattices.)
6. Beurling density and Gabor duality
In this last section, we study the relationship between our characterization formula (4.11)
for Gabor duality and the Beurling density of the corresponding measure μ. Several authors
have obtained density results for discrete irregular Gabor systems showing that certain proper-
ties of the system such as being a frame or a Riesz basis have certain implications on the upper
and lower Beurling densities associated with the corresponding sampling points in the time–
frequency space (see [1,3,21] for the case of unweighted systems and [16] for weighted ones).
We will define analogously the upper and lower Beurling density of a positive Borel measure
and show that if a Gabor system associated with a measure admits a dual in the sense of Def-
inition 4.1, then necessarily the associated measure has a well-defined Beurling density which
must be equal to one. As we will see, this property is a direct consequence of the fact that the
measure is translation-bounded and that its Fourier transform is equal to the Dirac mass at 0 in a
neighborhood of the origin.
Given a point z ∈ Rm and r > 0, we denote by Qr(z) the cube in Rm centered at z with
side length r . Given a positive Borel measure μ on Rm, we define its upper and lower Beurling
density, D+(μ) and D−(μ), by the formulas
D+(μ) = lim sup
r→∞
sup
z∈Rm
μ(Qr(z))
rm
, D−(μ) = lim inf
r→∞ infz∈Rm
μ(Qr(z))
rm
,
and, if these two densities are equal, we define the Beurling density of μ to be D(μ) = D+(μ) =
D−(μ).
Lemma 6.1. Let μ be a positive translation-bounded Borel measure on Rm. Then,
(a) There exists constant C such that
lim sup
r→∞
sup
z∈Rm
μ(Qr(z))
rm
 C.
(b) We have
lim
r→∞ r
−m∣∣μ(Qr(z))−μ(Qr(z − u))∣∣= 0,
uniformly for z ∈ Rm and u ∈ Q1(0).
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C > 0 such that supy∈Rm μ(Q1(y))  C. Denoting by [r] the integer part of r , we have the
inclusion Qr(z) ⊂ Q[r]+1(z) and this last set can be written as the union of ([r] + 1)m cubes of
side length 1. Hence,
lim sup
r→∞
sup
z∈Rm
μ(Qr(z))
rm
 lim sup
r→∞
sup
z∈Rm
μ(Q[r]+1(z))
rm
 lim sup
r→∞
C([r] + 1)m
rm
= C.
Since
∣∣μ(Qr(z))−μ(Qr(z − u))∣∣ μ(Qr(z) \Qr(z − u))+μ(Qr(z − u) \Qr(z)),
in order the prove (b), it is clearly enough to show that
lim
r→∞ r
−mμ
(
Qr(z) \Qr(z − u)
)= 0
uniformly for z ∈ Rm and u ∈ Q1(0). We have
Qr(z) \Qr(z − u) =
m⋃
j=1
Qr(z)∩
{
x ∈ Rm, |xj + uj − zj | > r2
}
=
m⋃
j=1
Aj
where, for j = 1, . . . ,m,
Aj =
{
x ∈ Rm, |xj + uj − zj | > r2 , |xi − zi |
r
2
, i = 1, . . . ,m
}
.
Note that we have the inclusion Aj ⊂ Bj ∪Cj , with Bj being the set
{
x ∈ Rm, zj − r2  xj  zj −
r
2
+ 1
2
, |xi − zi | [r] + 12 , 1 i m, i = j
}
and Cj the set
{
x ∈ Rm, zj + r2 −
1
2
 xj  zj + r2 , |xi − zi |
[r] + 1
2
, 1 i m, i = j
}
,
where [r] denotes the integer part of r . It is clear that Bj is contained in the union of at most
([r] + 1)m−1 cubes of side length 1 and the same is true for Cj . Hence, max{μ(Bj ),μ(Cj )} is
bounded by C([r] + 1)m−1. It follows immediately that
r−mμ
(
Qr(z) \Qr(z − u)
)
 2mC
([r] + 1)m−1r−m → 0, r → ∞,
where the convergence is obviously uniform for z ∈ Rm and u ∈ Q1(0), which proves our
claim. 
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ρ > 0,
Fμ = δ0 on Bρ,
where Bρ denotes the open ball centered at 0 with radius ρ in Rm. Then, the Beurling density
of μ, D(μ), exists and is equal to 1.
Proof. The statement that D(μ) exists and is equal to 1 is clearly equivalent to the fact that
lim
r→∞ r
−m
∫
Rm
χQ
(
z − y
r
)
dμ(y) = 1
uniformly for z ∈ Rm, where Q = Q1(0). Let ϕ ∈ S(Rm) have the properties that ϕ  0 on
Rm, that
∫
Rm
ϕ(x)dx = 1 and that supp(ϕˆ) ⊂ Bρ . Define, for η > 0, ϕη(x) = η−mϕ(x/η), for
x ∈ Rm. Note that the function
F{r−m(χQ ∗ ϕη)(·/r)}(ξ) = χˆQ(rξ)ϕˆ(ηrξ), ξ ∈ Rm,
has its support contained in Bρ if r > η−1 and, in that case, we have thus
F{μ ∗ r−m(χQ ∗ ϕη)(·/r)}(ξ) = μˆ(ξ)χˆQ(rξ)ϕˆ(ηrξ) = δ0(ξ)χˆQ(rξ)ϕˆ(ηrξ)
= χˆQ(0)ϕˆ(0)δ0(ξ) = δ0(ξ).
It follows thus, by taking the inverse Fourier transform in the previous equality, that, if r > η−1,
we have
r−m
∫
Rm
(χQ ∗ ϕη)
(
z − y
r
)
dμ(y) = 1, for all z ∈ Rm.
Hence, for r > η−1, we have
r−m
∫
Rm
χQ
(
z − y
r
)
dμ(y)− 1
= r−m
∫
Rm
χQ
(
z − y
r
)
− (χQ ∗ ϕη)
(
z − y
r
)
dμ(y)
= r−m
∫
Rm
χQ
(
z − y
r
)
−
( ∫
Rm
χQ
(
z − y − u
r
)
ϕη(u)du
)
dμ(y)
= r−m
∫
Rm
∫
Rm
{
χQ
(
z − y
r
)
− χQ
(
z − y − u
r
)}
ϕη(u)dudμ(y).
Using the Fubini–Tonelli theorem, we can write this last expression as
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∫
Rm
{ ∫
Rm
χQ
(
z − y
r
)
− χQ
(
z − y − u
r
)
dμ(y)
}
ϕη(u)du
= I1(η, r, z)+ I2(η, r, z)
where we define, letting B = {x ∈ Rm, |x| 1},
I1(η, r, z) = r−m
∫
Rm\B
{ ∫
Rm
χQ
(
z − y
r
)
− χQ
(
z − y − u
r
)
dμ(y)
}
ϕη(u)du
and
I2(η, r, z) = r−m
∫
B
{ ∫
Rm
χQ
(
z − y
r
)
− χQ
(
z − y − u
r
)
dμ(y)
}
ϕη(u)du.
By part (a) of Lemma 6.1, there exist r0 > 0 and C > 0 depending only on μ such that, if r  r0
∣∣I1(η, r, z)∣∣ 3C
∫
Rm\B
ϕη(u)du → 0, as η → 0.
Thus, given  > 0, we can choose η > 0 small enough so that
3C
∫
Rm\B
ϕη(u)du <

2
.
For this fixed η, we have, using part (b) of Lemma 6.1, that
∣∣I2(η, r, z)∣∣ sup
y∈Rm
u∈Q
r−m
∣∣∣∣
∫
Rm
χQ
(
z − y
r
)
− χQ
(
z − y − u
r
)
dμ(y)
∣∣∣∣→ 0,
uniformly for z ∈ Rm. It follows that, if r is large enough,
∣∣I1(η, r, z)∣∣+ ∣∣I2(η, r, z)∣∣< , for all z ∈ Rm,
which proves our claim. 
An immediate consequence of the previous lemma and Theorem 4.4 is the following density
result. A similar conclusion can be found in a paper by Kutyniok [16] in which the case of
weighted irregular Gabor tight frames with a window in L2(Rn) is considered.
Theorem 6.3. Let μ be a translation-bounded, positive Borel measure on R2n and let g ∈ S(Rn).
If there exists h ∈ L2(Rn) such that (h, g)2 = 1 and with h being a dual of Gabor type for the
pair (g,μ), then necessarily D(μ) exists and is equal to 1.
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the dual h to be a distribution in S ′(Rn) as long as the duality is understood in the sense of
the identity (4.6). We can use the previous result to obtain a generalization to weighted irregu-
lar Gabor systems of the so-called density theorem for regular Gabor systems in the particular
case where the window is a Schwartz function and the generated system form a tight frame for
L2(Rn).
Theorem 6.4. Let g ∈ S(Rn) be such that ‖g‖2 = 1 and consider the discrete irregular system
G := {w(x, ν)1/2e2πiν·t g(t − x)}
(x,ν)∈Λ,
where Λ is a discrete set in the time–frequency space and w is a positive function defined on Λ.
Let D−(Λ) = D−(ρ), as defined above with ρ being the (unweighted) measure ρ =∑λ∈Λ δλ.
Then, if G forms a tight frame for L2(Rn), we must have that D−(Λ) 1.
Proof. Multiplying the weight function w by an appropriate constant if necessary, we can as-
sume that G forms a Parseval tight frame for L2(Rn). Using the fact that ‖g‖2 = 1, it then follows
by using the definition of a Parseval tight frame with f (t) = e2πit ·ν0g(t − x0) and (x0, ν0) ∈ Λ,
that
‖f ‖22 = ‖g‖22 = 1 =
∑
(x,ν)∈Λ
w(x, ν)
∣∣Vgf (x, ν)∣∣2 w(x0, ν0)‖g‖22 = w(x0, ν0),
which shows that w  1 on Λ. Defining the positive Borel measure μ as
μ =
∑
(x,ν)∈Λ
w(x, ν)δ(x,ν),
we have thus that Fμ = δ(0,0) on a neighborhood of the origin by Theorem 3.2. Hence, using the
previous lemma and the fact that ρ  μ, we have,
D−(ρ)D−(μ) = 1,
which proves our claim. 
We conclude this paper by showing that there exist sets Λ ⊂ R2 which can be expressed as
finite union of translates of a separable lattice and can have an arbitrarily large Beurling density
while, at the same time, have the property that, for any window g in the Schwartz class, the
system G := {e2πiνtg(t − x)}(x,ν)∈Λ does not admit a dual of Gabor type in L2(R) (in the sense
of Definition 4.1). This example illustrates the sharp contrast with known results [5,7] about ir-
regular Gabor frames stating that if the window is sufficiently nice and the density is sufficiently
high, the corresponding system does form a frame for L2(R). It emphasizes again the fundamen-
tal difference which exists between general irregular Gabor systems and those admitting a dual
which is also of Gabor type.
Proposition 6.5. Let a > 1 and choose b1, b2 > 0 such that b1/a /∈ Q and b2 /∈ Q. Given positive
integers K and L, define the set Λ ⊂ R2 by
Λ = {(kb1 +ma, lb2 + n), 0 k K − 1, 0 l  L− 1, m,n ∈ Z}.
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type in L2(R).
Proof. Let Λ0 = aZ ⊕ Z. Consider the measures
μ0 = a
∑
(x,ν)∈Λ0
δ(x,ν) and μ = a
KL
∑
(x,ν)∈Λ
δ(x,ν)
= 1
KL
K−1∑
k=0
L−1∑
l=0
δ(kb1,lb2) ∗μ0.
Note that, since the density of the lattice Λ0 is a−1 < 1, the system G := {e2πiνtg(t −x)}(x,ν)∈Λ0
is not dense in L2(R) by the standard density theorem for regular Gabor systems (see [9]). In
particular, there cannot exist a function h ∈ L2(R) satisfying the identity (4.11) with μ replaced
by μ0. On the other hand, if the system G admitted a dual h ∈ L2(R) with (g,h)2 = 1, the identity
(4.11) would hold for μ. Letting
P(ξ) = 1
K
K−1∑
k=0
e−2πiξkb1 and Q(ξ) = 1
L
L−1∑
l=0
e−2πiξ lb2 ,
we have F{μ}(ξ1, ξ2) = P(ξ1)Q(ξ2)F{μ0}(ξ1, ξ2) and thus
FS{μ}(ξ1, ξ2) = P(ξ2)Q(−ξ1)F{μ0}(ξ2,−ξ1)
= P(ξ2)Q(−ξ1)
∑
(m,n)∈Z2
δ(m, n
a
)(ξ1, ξ2)
=
∑
(m,n)∈Z2
P
(
n
a
)
Q(−m)δ(m, n
a
)(ξ1, ξ2).
Using our hypothesis on b1 and b2, it follows that P(na )Q(−m) = 0 whenever (m,n) ∈ Z2. Thus,
the support of FS{μ} is the same as that of FS{μ0} and, since P(0)Q(0) = 1, we deduce that
the identity (4.11) also holds if μ is replaced by μ0, contradicting our earlier statement. Hence,
G cannot admit a Gabor dual. 
Note that the Beurling density of the set Λ constructed in the previous theorem is KL/a and
can thus be arbitrarily large.
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